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Abstract:  The application of parametric reliability analysis methods for repairable units, 
such as Power law process, is quite clear and straightforward for a single repairable unit. 
However, in practice, the analyst needs to know the reliability characteristics of units at a 
fleet level. The application of parametric reliability analysis methods at the fleet level, 
even if it is limited in scope, is quite complex. The aim of this paper is to describe the use 
of the power law process for multiple repairable units with differing reliability 
characteristics, to predict the expected number of failures at fleet level. The empirical data 
used in the paper are based on field data gathered during the operational life of two types 
of multi repairable units used in the Swedish military aircraft system FPL 37 Viggen from 
1977 to 2006. The paper performs the trend test using TTT-based MIL-HDBK-189 and 
Laplace tests, and assesses the equality of shape-parameters for the intensity function of 
the power law process for multiple units. Estimation of the scale- and shape-parameters 
using maximum likelihood estimation is also performed. The parametric approach using 
power law process was found to yield relatively accurate estimations of number of 
failures, compared to empirical data.   

Keywords: Repairable units, NHPP, HPP, aviation, maintenance, reliability analysis, 
power law process.  

1. Introduction  

When dealing with highly capital-intensive systems and associated fleets, such as fleets of 
aircraft, trains, trucks, etc., it is crucial to have a formal reliability programme to assure 
the collection of important information about the system reliability performance 
throughout the life cycle. Usually such technically complex systems comprise a large set 
of both repairable and non-repairable units. In order to assess important reliability metrics, 
e.g., the number of failures during a specific operation period, it is essential to analyse the 
reliability characteristics of the repairable units based on the data generated in the 
customer use environment. Hence, a formal reliability programme is needed that ensures 
the collection of important information about the system reliability performance 
throughout the life cycle.  

The two main approaches to the reliability analysis of multiple repairable units are 
non-parametric and parametric methods. The non-parametric method provides a graphical 
estimate of the number of recurrences (repairs/failures) per unit and per the whole 
population, versus the utilization/age. The method is called non-parametric in the sense 
that it does not use a parametric model for the population. This estimation involves no 
assumptions about the form of the function or the process generating the system histories.    

The parametric method entails stochastic point processes, including the 
homogeneous Poisson process (HPP), the non-homogeneous Poisson process (NHPP), the 
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renewal process (RP) and the generalized renewal process (GRP), the last of which was 
introduced by Kijima and Sumita [1]. A renewal process is a counting process where the 
inter-occurrence times are independent of s (i.e., the times between failures are 
stochastically independent) and identically distributed with an arbitrary distribution 
function [2]. The HPP describes a sequence of s-independent and identically distributed 
(IID) exponential random variables. The NHPP is often used to model repairable systems 
that are subject to a minimal repair and describes a sequence of random variables that are 
neither statistically independent nor identically distributed [2]. The GRP is a 
generalization of the repair process that allows the goodness of repairs to be varied from 
as-good-as-new repair (RP) to same-as-old repair (NHPP). The GRP is therefore useful in 
modelling the failure behaviour of a specific unit and studying the effect of repair actions, 
e.g., on a system which is repaired after a failure and where repair only partially 
rejuvenates the system [3]. A commonly applied parametric method which is relatively 
simple to use is the power law process (PLP) [2, 4], which allows estimation of the 
expected number of failures for large arrays of repairable units. 

The application of these methods for a single unit is fairly straightforward. However, 
in practice the reliability analyst is often dealing with multiple similar systems which are 
installed in different higher assemblies and which are operating with different profiles in 
different environments. The aim of this paper is to study failures which have occurred in 
the field, to obtain information regarding the failure rates and the expected numbers of 
failures at the fleet level, and not at the individual component level.  

In [5] a non-parametric approach, the mean cumulative function (MCF), was used to 
estimate the expected number of failures.  The empirical data used in [5] are the same as 
the data used in this paper, and therefore the results from the two different approaches are 
easily compared. The purpose of the two papers, the present paper and [5], is to compare 
the estimations of the future expected number of failures obtained using a non-parametric 
method, i.e., the MCF, and a parametric method, i.e., the PLP, respectively.  

The analysis of the multiple repairable units in this study will follow the logic 
depicted in Figure 1 and consists of the following steps, adapted from [4]: first checking if 
there is a trend in the failure data, and secondly studying whether the PLP is an applicable 
approach to estimation of the expected number of failures. 

The empirical data used in this paper are from two types of repairable components; 
see Table 1 for a summary of the studied units. The units were in operational service in 
the Swedish military aircraft system FPL 37 Viggen from 1974 to 2006, which is 
essentially the entire life cycle of the system. The data are derived from about 330 aircraft 
with a total flight time of 615,000 hours, and consist of information about all the 
maintenance-significant events for the physical units, i.e., the date of delivery, storage 
periods, storage maintenance, installations, removals, failures, maintenance actions, 
modifications, and discard. These events are associated with calendar dates and 
accumulated operating time in flight hours. 
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Figure 1. Model Selection Framework for Reliability Analysis of Repairable Systems, [4]. 

2. Description of the Empirical Data 

The first repairable unit studied (henceforth referred to as unit A) was a radar transmitter. 
This transmitter was part of the main surveillance radar (PS-37) of the AJ 37 strike 
aircraft. The most common fault modes for this unit were failures of electronic 
components, particularly thyratrons, magnetrons and pulse transformers. The data were 
right-hand censored by two processes: failure and discard. The right-hand censoring by 
failures occurred because, towards the end of the aircraft life cycle, failed units were not 
always repaired.  

The second unit was a cooling turbine (henceforth referred to as unit B), which was 
the principal unit of the environmental control system that delivered cooling air to the 
electronics and the cockpit air conditioning in all versions of the FPL 37 aircraft system. 
The cooling turbine was a heavily stressed mechanical unit with a relatively high failure 
rate in service, despite preventive maintenance. Consequently, for this unit the right-hand 
censoring can also be due to preventive maintenance not always being carried out when 
due, towards the end of the system life cycle. 

Table 1: Number of Units Included in the Study 
Unit Hardware Units [#]  Maintenance Strategy 
A Radar Transmitter 124 Corrective Maintenance 
B Cooling Turbine 372 Preventive and Corrective Maintenance 

Among the 124 units of type A, there are 18 units that were time-censored without 
any failures at all, while for unit B there are 257 out of 372 units that were time-censored 
without any failures. Table 2 below presents the number of units that suffered a given 
number of failures, showing that for unit A there are 106 units with 1 failure, 96 units with 
2 failures, etc. From Table 2 the total number of failures for the whole population of unit 
A can be calculated, i.e., 413 failures. The corresponding data for unit B are shown, and 
the total number of failures for unit B can be calculated to be 156 over the whole life 
cycle. 
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Table 2: The Number of Units that have Suffered a Given Number of Failures 
Failures [#] 0 1 2 3 4 5 6 7 8 9 
Unit A [#] 18 106 96 82 60 33 21 8 4 3 
Unit B [#] 257 115 37 4 -- -- -- -- -- -- 

These two types of units were both relatively maintenance-intensive. The radar transmitter 
was only subjected to corrective (on-condition) maintenance, while the cooling turbine, 
being a heavily stressed mechanical unit, also had preventive maintenance (flight-time 
based overhauls). The differences between unit A and B (A being an electronic and B a 
mechanical unit, and B having both preventive and corrective maintenance while A had 
corrective maintenance only) resulted in quite different failure patterns; see Figure 2 and 
Figure 3 for the estimated intensity function 𝜆(𝑡) using the power law process.  

Table 3 and Table 4 describe the number of failures and units in service in each 500-
flight-hour interval for unit A and B, respectively. As mentioned before, the units were 
right-hand censored by two processes, either discard or failure/maintenance (with 
maintenance only being applicable to unit B), and in the case of aircraft crashes, the units 
were, of course, time-censored at the operational time for the unit at the time of the crash. 

Table 3: Failures and Units of Type A in Service for Each 500-Flight-Hour Interval 
Operation Time [h] Units in Service [#] Accumulated Failures [#] 

0-500 124 – 104      (20 discards) 0 – 113       (113 failures in interval) 
500-1000 104 – 98        (6 discards) 113 – 243   (130 failures in interval) 
1000-1500 98 – 85          (13 discards) 243 – 340   (97 failures in interval) 
1500-2000 85 – 50          (35 discards) 340 – 396   (56 failures in interval) 
2000-2500 50 – 9            (41 discards) 396 – 411   (15 failures in interval) 
2500-3000 9 – 1              (8 discards) 411– 412    (1 failure in interval) 
3000-3500 1 – 0              (1 discard) 412 – 413   (1 failure in interval) 

Table 4: Failures and Units of Type B in Service for Each 500-Flight-Hour Interval 
Operation Time [h] Units in Service [#] Accumulated Failures [#] 

0-500 372 – 338      (34 discards) 0 – 39         (39 failures in interval) 
500-1000 338 – 286      (52 discards) 39 – 74       (35 failures in interval) 
1000-1500 286 – 217      (69 discards) 74 – 115     (41 failures in interval) 
1500-2000 217 – 113      (104 discards) 115 – 143   (28 failures in interval) 
2000-2500 113 – 33        (80 discards) 143 – 154   (11 failures in interval) 
2500-3000 33 – 1            (32 discards) 154– 156    (2 failures in interval) 

3. Methodology and Data Analysis 
3.1 Trend Testing  

To gain further understanding of the reliability behaviour of multiple repairable units, it is 
important to examine if any trend exists in the failure data, i.e., whether the time between 
failures becomes shorter or longer, or fluctuates over time, with either a monotonic or a 
non-monotonic trend. The tests used are a generalization of the Laplace and MIL-HDBK 
tests, adjusted for studying trends in multiple repairable systems [6]. In this paper we only 
use the TTT-based versions of the MIL-HDBK-189 and Laplace tests. The reason for 
choosing the TTT-based tests is that there is no reason to believe that either of the two 
populations of units is non-homogeneous [6]. 

The hypothesis for the TTT-based Laplace test is as follows: 
𝐻0: The process is an HPP with equal MTBFs.                                      
𝐻1: The process is an NHPP with equal λ(t).                                          

 
The test statistic for the TTT-based Laplace test [6] is according to equation (1) below:  
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In equation (1), 𝑣 = 1,2, … ,𝑁�  is the number of failures for the whole population of 
units, e.g., the whole population of units of type A and B respectively. The failure times 
for the units are described by 𝑆𝑣, where 𝑆1 ≤ 𝑆2, … ,≤ 𝑆𝑁�. The function 𝑇(𝑆𝑣)

𝑇(𝑆)
  (the 

normalized total operating time at time u) is given by equation (2): 

 
𝑇(𝑆𝑣)
𝑇(𝑆)

=
∫ 𝑝(𝑢)𝑑𝑢𝑠𝑣
0

∫ 𝑝(𝑢)𝑑𝑢𝑠
0

. (2) 

In equation (2), 𝑝(𝑢) is the number of units that is still in operation at time 𝑢, and 
∫ 𝑝(𝑢)𝑑𝑢𝑠𝑘
0  is the total operating time that has been observed up to time 𝑢 for the 

population 𝑝(𝑢), [6]. In equation (3), 𝑁� is defined as: 

 𝑁� = � 𝑁,        if the processes are time-truncated.    
 𝑁 − 1, if the processes are failure-truncated.   (3) 

where 𝑁 is defined by equation (4):  

 𝑁 = �𝑛𝑖

𝑘

𝑖=1

, (4) 

where 𝑛𝑖 is the number of failures for unit 𝑖, 𝑖 = 1,2, … , 𝑘, where 𝑘 is the number of units 
studied in each population (A and B).  

Using the same hypothesis for the TTT-based MIL-HDBK-189 test [6, 7], the TTT-
based MIL-HDBK-189 test becomes according to equation (5): 

 𝑀𝑇 = 2� ln (
𝑇(𝑆)
𝑇(𝑆𝑣)

𝑁�

𝑣=1

)    (5) 

A rejection of 𝐻0 for the TTT-based trend tests, both the Laplace and the MIL-HDBK-
189 tests, gives an indication that there is a trend in the failure data and that it is possible 
to model the multiple repairable units with only one non-stationary intensity function, or 
that the sample comes from a heterogeneous population, as discussed by Kvaloy in [6]. 

The results of the trend tests are presented in Table 5 below. The test statistics (𝐿𝑇,𝑀𝑇) 
are calculated from equation (1) and equation (5) and the p-value is calculated using the 
Minitab software (version 16.2). The p-value in Table 5 is the probability of obtaining a 
test statistic at least as extreme as the one that was actually observed, assuming that the 
null hypothesis is true [8]. 

Table 5. Summary of the Performed Trend Tests and the Corresponding p-values for Unit A and B 
Test procedure for respective units (A/B) Test Statistic (𝑳𝑻,𝑴𝑻) 𝒑-value 𝐇𝟎 
MIL-HDBK-189 TTT-based (MT), Unit A 913,58 0,03 Rejected 
Laplace TTT-based (LT), Unit A -3,28 0,00 Rejected 
MIL-HDBK-189 TTT-based (MT), Unit B 259,90 0,03 Rejected 
Laplace TTT-based (LT), Unit B 2,75 0,01 Rejected 

3.2 Estimation of Shape- and Scale-Parameters in the PLP  

The results from the trend tests thus indicate that there is a trend in the failure data at a 
significance level of 5% for both unit A and B. Now, knowing that there is a trend in the 
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failure times for each population, we examine if the power law process is a suitable model 
for estimating the number of the expected future failures for the populations; see equation 
(6) for the intensity function of the power law process with shape-parameter (𝛽) and 
scale-parameter (𝜃):  

 𝜆(𝑡) =
𝛽
𝜃
�
𝑡
𝜃
�
𝛽−1

. (6) 

Dealing with the parameters in the intensity function for the power law process when 
having multiple repairable units, there are four different combinations that can occur. The 
first two combinations arise when there are different shape-parameters (𝛽1,𝛽2, … ,𝛽𝑘) and 
either approximately similar or differing scale-parameters (𝜃1 𝑜𝑟 𝜃1,𝜃2, … , .𝜃𝑘). If one of 
these two cases is applicable, the individual units must be analysed separately and 
modelled with different PLPs. 

The other two combinations occur when it is possible to estimate one shape-parameter 
𝛽 for the whole population, while the scale-parameters (𝜃1 𝑜𝑟 𝜃1,𝜃2, … , .𝜃𝑘) are all either 
approximately the same or different.  

However, since we have already rejected the null hypothesis that the process is an 
HPP with equal MTBFs, we already have an indication that we can use the same intensity 
function to model each population of units A and B.  

Making the assumption that the shape-parameter (𝛽) and scale-parameter (𝜃) can be 
used to model the whole population with one power law model, the parameters can be 
estimated by using the maximum likelihood function; see equations (7) and (8) for 
estimation of the shape-parameter (𝛽) and the scale-parameter (𝜃), [8, 9], 
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In equations (7) and (8),  𝑘 is the number of units in the respective populations (A and 
B), 𝑛𝑖  is the number of failures for unit 𝑖, and 𝑡𝑖𝑗 is the failure times for unit 𝑖 at failure 
number 𝑗 = 1, … ,𝑛𝑖, while 𝑇𝑖 , is the termination time, whether this is  time- or failure 
truncated.     

In most situations equation (7) must be solved iteratively, for example by using the 
fixed-point iteration method or Newton-Raphson's method [9]. Equation (7) can only be 
solved explicitly in the case when the whole population is time-truncated at the same time, 
i.e.,  𝑇𝑖 = 𝑇 for all 𝑖 = 1,2, … , 𝑘 units, which very rarely applies in practice. 

The shape-parameters (𝛽𝐴,𝛽𝐵) were calculated with equation (7) and the scale-
parameters (𝜃𝐴,𝜃𝐵) with equation (8) for both units, using the fixed-point iteration 
method, see Table 6 and Table 7 for (𝛽𝐴,𝜃𝐴) and (𝛽𝐵 ,𝜃𝐵). 

Table 6: The Estimated Scale-/Shape-parameters for Unit A 
Scale-/Shape-parameter Value of Parameter 

𝛽𝐴 0,90 
𝜃𝐴 416,59 

Table 7: The Estimated Scale-/Shape-parameters for Unit B 
Scale-/Shape-parameter Value of Parameter 

𝛽𝐵 1,19 
𝜃𝐵 3 312,54 



  Fleet-level Reliability of Multiple Repairable Units: A Parametric Approach using the Power Law Process   245 
 

 
 

Calculating the corresponding confidence interval for the shape-parameter (𝛽) and the 
scale-parameter (𝜃) is important in order to determine whether the range of 𝛽 is above or 
below 1 (𝛽 < 1 and 𝛽 > 1 mean decreasing and increasing failure trends respectively). 
Crow [7] suggests a method for calculating the confidence interval for the scale-parameter 
(𝜃) when the shape-parameter (𝛽) is known. In the case where the shape-parameter is 
unknown, one solution is to find an appropriate asymptotic confidence interval. Gaudoin 
et al. [10] suggest some different asymptotic confidence intervals for estimating the scale-
parameter (𝜃). In this paper a simpler method is used to estimate the confidence interval 
for the shape- and scale-parameters by applying a normal distribution approximation [10]. 
Such interval estimations are easy to calculate and are also widely implemented in various 
software packages, e.g., Minitab (version 16.2).  

The confidence interval for the shape- and scale-parameters can then be estimated by 
using equations (9) and (10). 
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where, 𝒛𝜶 is the value of the normal distribution at significance level 𝜶 and (𝝈𝜽� ,𝝈𝜷�) is the 
standard error of the estimated shape- and scale-parameters. The results obtained by 
calculating the confidence intervals provide an indication as to whether it is possible to 
characterise a whole population of repairable units with a single shape-parameter (𝜷𝑨,𝜷𝑩) 
for each population. As shown in Table 8, the whole confidence interval for the shape-
parameter for unit A is below 𝜷 = 𝟏, while for unit B the confidence interval lies above 
𝜷 = 𝟏; and both intervals were obtained at the significance level, 𝜶 = 𝟎,𝟎𝟓. Since the 
confidence intervals are either completely above or below 𝜷 = 𝟏, this indicates that it is 
suitable to use one shape-parameter for each population. See Table 9 for the confidence 
intervals for the scale-parameters, calculated at significance level 𝜶 = 𝟎.𝟎𝟓. 

Table 8: Confidence Intervals for Shape-parameters, Unit A and B 
Parameter Confidence Interval for the Shape-parameters, 𝛼 = 0,05 

𝛽A 0,83 <𝛽A< 0,98 
βB 1,07 <βB< 1,32 

Table 9: Confidence Intervals for Scale-parameters, Unit A and B 
Parameter Confidence Interval for the Scale-parameters, 𝛼 = 0,05 

θA 348,57 <θA< 497,89 
θB 2946,94 <θB< 3723,49 

3.3 Testing for Equality of Shape-parameters 

In addition to estimating the confidence intervals for the shape-parameters (𝛽𝐴,𝛽𝐵) and 
the TTT-based trend tests, there are other methods for verifying or rejecting the use of a 
single 𝛽 parameter. Crow [7] and Bartlett [12] suggest a test for equal shape-parameters, 
𝛽𝑖 ’s, for the power law process. This leads to a test of the following hypothesis: 

𝐻0:𝛽 = 𝛽1 = ⋯𝛽𝑘,                                              
𝐻1: 𝛽𝑖 ≠ 𝛽𝑗 , at least one pair  (𝑖, 𝑗) .                 
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The null hypothesis states that all the shape-parameters, 𝛽𝑖’s, are the same, while the 
alternate hypothesis states that there is at least one pair (𝑖, 𝑗) that has a different (𝛽𝑖 ,𝛽𝑗). 
The likelihood ratio test, taken from [8], is in accordance with equation (11): 

 𝐿𝑅 = 𝑀𝑙𝑛(𝛽∗) −�𝑚𝑖 ln�𝛽𝚤��
𝑘

𝑖=1

, (11) 

where 𝑚𝑖 is given by equation (12): 

 𝑚𝑖 = � 𝑛𝑖 ,         if the data is time-truncated.    
 𝑛𝑖−1  ,   if the data is failure-truncated.   (12) 

  and 𝑀 is given by equation (13): 

 𝑀 = �𝑚𝑖 .
𝑘

𝑖=1

 (13) 

 In equation (11)  𝛽𝚤�  are the so-called CMLEs (conditional maximum likelihood estimates) 
for the 𝑖: 𝑡ℎ unit [8], see equation (14): 

 𝛽𝚤� =
𝑚𝑖

∑ ln (𝑇𝑖𝑡𝑖𝑗
)𝑛𝑖

𝑗=1

. (14) 

𝛽∗  in equation (11) is the weighted harmonic mean of  𝛽𝚤� , see equation (15): 

 𝛽∗ =
𝑀

∑ 𝑚𝑖
𝛽𝚤�  

𝑘
𝑖=1

 (15) 

Using the approximation according to Bartlett [11], the test statistic 𝑇 = −2𝐿𝑅
𝑎

  is chi-
square distributed with 𝑘 − 1  degrees of freedom, according to equation (16): 

 
−2𝐿𝑅
𝑎

~𝜒2(𝑘 − 1), (16) 

where 𝑎 is as follows in equation (17): 

 𝑎 = 1 +
1

6(𝑘 − 1)
�

1
𝑚𝑖

𝑘

𝑖=1

−
1
𝑀

. (17) 

The null hypothesis 0H  is rejected at a significance level of 𝛼 if equation (18) is valid,  

 
−2𝐿𝑅
𝑎

> 𝜒𝛼2(𝑘− 1) (18) 

Working through the calculations from equation (11) to equation (18) gives an 
indication as to whether the reliability pattern of the units makes the power law process 
with a single shape-parameter a suitable model for the intensity function 𝜆(𝑡). If one 
ascertains that it is appropriate to estimate a whole population of repairable units by using 
only one shape-parameter (𝛽), it is then possible to treat the whole population of 
repairable units as a single repairable system with multiple units. The trend tests thus 
indicate that there is a trend in the failure data at a significance level of 5% for both unit A 
and B.  

The values of the calculated test statistic 𝑇 = −2𝐿𝑅
𝑎

 for the respective populations are 
presented in Table 10, calculated in Minitab (version 16.2). The corresponding p-values 
given in Table 10 strongly indicate that the null hypothesis cannot be rejected at a 
significance level of 𝛼 = 0.05 for either population. This is also verified by using 
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equation (16), i.e., calculating 𝜒𝛼2(𝑘 − 1) for the degrees of freedom (𝑘 − 1), where 𝑘 is 
the number of units in the respective populations, at a significance level of 𝛼 = 0.05,  and 
by comparing the result of this calculation with the calculated test statistic 𝑇, see Table 
10. It is clear that the null hypothesis cannot be rejected, and therefore we conclude that 
there is no evidence that the  𝛽’s are different for the respective populations (A and B). 

Table 10: Test Statistics, with p-values and Table-values for  𝛘𝟎,𝟎𝟓
𝟐 (𝒌 − 𝟏) 

Parameter DF (𝐤 − 𝟏) Test Statistic, T p-value Table-Value 
𝛽𝐴 105 79,10 0,97   χ0,05

2 (106− 1) = 129,92 
𝛽𝐵 90 105,40 0,13 χ0,05

2 (91− 1) = 113,10 

3.4 Estimation of Expected Number of Failures Using PLP 

Using the estimated shape-parameters (𝛽) and scale-parameters (𝜃) given in Table 6 for 
unit A and Table 7 for unit B, the intensity functions for the power law process become in 
accordance with equations (19) and (20): 

 𝜆𝐴(𝑡) =
𝛽𝐴
𝜃𝐴
�
𝑡
𝜃𝐴
�
𝛽𝐴−1

=
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�

𝑡
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�
0,90−1

 (19) 

     𝜆𝐵(𝑡) =
𝛽𝐵
𝜃𝐵
�
𝑡
𝜃𝐵
�
𝛽𝐵−1

=
1,19

3312,54
�

𝑡
3312,54

�
1,19−1

 (20) 

Fitting the intensity function 𝜆(𝑡) of the power law process to the failure data and 
plotting the estimations for the two populations with a confidence level of 95%, together 
with the mean cumulative function (MCF) for the two types of units, yields Figure 2 and 
Figure 3 below: 

  
Figure 2. Estimation of Intensity Function, Unit A. Figure 3. Estimation of Intensity Function, Unit B. 

As shown in Figure 2, the estimate is imprecise for unit A and the MCF of unit A goes 
slightly outside the 95% confidence level around 1,100 flight hours, while the 
approximation using the power law process gives a rather better result for unit B, in 
Figure 3. This difference is presumably due to the presence of multiple inflection points 
for the MCF of unit A.  

Using the estimated failure intensities 𝜆𝐴(𝑡) and 𝜆𝐵(𝑡) from equations (19) and (20) 
above, one can calculate the number of expected failures between the times 𝑡1 and 𝑡2 [9], 
using equations (21) and (22): 
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Equations (19) and (20) give the number of expected failures per unit in the interval 𝑡1 to 
𝑡2. To calculate the total expected number of failures for the whole population, A and B, 
respectively, we need to know how many units can be expected to be in operation in that 
specific interval. In the case in question we are using the average number of units in each 
500-hour interval; i.e., we are calculating the total operating time in each 500-hour 
interval and dividing by the length of the interval (500 hours).  

The results for the number of expected failures are presented in Table 11 and Table 12. 
In column two from the left, the number of empirical failures in operation is presented, 
and these can be compared with column three, the number of failures predicted by the 
power law process. As can be observed in the tables, the power law process is more 
accurate for units of type B than for units of type A. The probable reason for this is that 
unit B is a mechanical unit subject to wear and has a consistent failure trend without the 
inflection points seen for unit A.  

Table 11: Comparison between Empirical and Modelled Number of Failures for Unit A 
Operation Time [h] Empirical Failures [#] Estimated Failures [#] ∆ Error [%] 
0-500 0 – 113       (113) 0 – 133      (133) -20 15% 
500-1000 113 – 243   (130) 133 – 237   (104) +26 20% 
1000-1500 243 – 340   (97) 237 –328    (91) +6 6% 
1500-2000 340 – 396   (56) 328 – 394   (66)  -10 15% 
2000-2500 396 – 411   (15) 394 – 421   (27) -12 44% 
2500-3000 411– 412    (1) 421 – 423   (2)  -1 50% 
3000-3500 412 – 413   (1) 423 – 424   (1) 0 0% 
                                                       Average = 21%  

 
Table 12: Comparison between Empirical and Modelled Number of Failures for Unit B 

Operation Time [h] Empirical Failures [#] Estimated Failures [#] ∆ Error [%] 
0-500 0 – 39         (39) 0 – 37         (37) +2 5% 
500-1000 39 – 74       (35 ) 37 –80        (43) -8 19% 
1000-1500 74 – 115     (41) 80 – 118     (38) +3 7% 
1500-2000 115 – 143   (28) 118 – 145   (27) +1 4% 
2000-2500 143 – 154   (11) 145 – 157   (12) -1 8% 
2500-3000 154 – 156   (2) 157 – 159   (2)  0 0% 
                                                       Average = 7% 

4. Conclusions 

The objective of this paper was to apply and evaluate a parametric approach using the 
power law process to estimate the expected number of failures on a fleet level for aircraft 
systems. This is quite a realistic and important objective for military aircraft, for which the 
planning horizon is typically much longer than that for commercial aircraft fleets and for 
which the extreme spacing of aircraft generations means that providing spares and 
maintenance can be difficult and expensive towards the end of the system life cycle. 

 The method described above seems to estimate the number of future failures with 
reasonable precision. The estimate for unit B is very good, presumably due to the 
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consistent changes in the failure rates over the life cycle of the unit. The fit for unit A is 
not quite as good, presumably because the failure rate of this unit changes in an 
inconsistent manner and has several inflection points. One of the reasons for the relatively 
satisfactory estimates is probably the homogeneity of the two populations.  

In this study, we have only included failures in operation for unit B. Since this unit 
had preventive maintenance, a number of incipient failures were found and repaired in 
connexion with the preventive maintenance. While such incipient failures affect the 
maintenance costs, the spare part demand and the choice of a maintenance interval for the 
preventive maintenance, they have no effect on the operational failure rates. 

A serious disadvantage when applying this implementation of the PLP is the 
necessity for testing each population, usually consisting of several hundreds of units, for 
homogeneity before estimating the intensity function for the PLP. In the case of non-
homogeneous populations, each subpopulation must be identified and modelled with a 
separate intensity function. Furthermore, in cases where several subpopulations exist, 
there may not be sufficient data for each subpopulation to allow robust modelling. 

A comparison with the results in [5], which used a non-parametric heuristic estimate 
of the failure rates, shows that the parametric method gave a significantly better estimate 
for both units. As already mentioned, this is probably at least partly due to the 
homogeneity of the studied populations. Furthermore, in this study the shape- and scale-
parameters were estimated over the whole life cycle and applied to each 500-hour 
segment, while in [5] only data earlier than the 500-hour segment to be estimated were 
used, which most likely contributes to the better performance of the PLP-based estimates.  

Further studies will concern piece-wise estimates of the intensity function of the 
PLP, performed to estimate future failure rates, since such estimates would be necessary 
in the case of a currently operational aircraft fleet, where data are only available up to the 
present. In parallel with this, the effects on the suitability of the parametric and non-
parametric methods for inhomogeneous populations will also be studied.  
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